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Abstract. The empirical cumulative distribution function (ECDF) is
an efficient estimator of the distribution of sampled data. Yet, it has
discontinuities at each step (where probability mass is concentrated)
which result in a probability density function (PDF) with discrete spikes,
preventing its use in models that require continuous PDFs. Bernstein
approximants bridge this gap, yielding smooth estimators for bounded
ECDFs and their PDFs. In this paper, we consider a strategy from the
literature to select the order of Bernstein polynomials (BP) over bounded
support, and we extend the approach to Bernstein phase types (BPH) in
order to approximate distributions with unbounded support. Preliminary
experiments confirm the effectiveness of this approach in balancing the
bias-variance tradeoff, giving insight into the relation between the sample
size and the Bernstein order. Comparative experiments with Gaussian
kernel density estimators show that the BPH approximant achieves bet-
ter or comparable performance on a benchmark of Erlang PDFs with unit
mean, while guaranteeing a low memory footprint thanks to its closed
form and allowing integration into continuous-time Markov chains. We
provide a replication package to support reproducibility of experiments.

Keywords: Empirical Cumulative Distribution Function, Bernstein Poly-
nomials, Bernstein Phase Types, Gaussian Kernel Density Estimation

1 Introduction

In most practical applications, the distributions of stochastic quantities are not
known in advance, but they must be estimated from independent observations.
Parametric approaches select a family of distributions and fit the distribution
parameters from sample data, e.g., to maximize likelihood or to match statis-
tic properties of the data; in contrast, nonparametric approaches construct an
estimate of the distribution from the data itself, with tunable assumptions on
the smoothness of the real distribution. For example, kernel density estimation
(KDE) [2,15,9] is a popular nonparametric approach where the real probabil-
ity density function (PDF) is estimated as the sum of kernel functions (e.g.,
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Gaussian or Uniform PDFs with zero mean) centered at each data point; the
bandwidth parameter (e.g., the variance of the kernel functions) is used to con-
trol smoothness.

Among parametric approaches, the family of phase-type (PH) distributions
[18,13] has received significant attention for its power and flexibility. PH distri-
butions are defined as the time to absorption in Markov chains; they provide a
flexible tradeoff between approximation accuracy and complexity, which is ob-
tained by varying the number of transient states, referred to as phases, that
can be visited before reaching the absorbing state. PH distributions have closed-
form densities and Laplace transforms, enjoy closure under finite mixtures and
convolutions, and are dense in the set of positive-valued distributions (i.e., they
can approximate any positive-valued distribution with arbitrary accuracy, pro-
vided enough phases). When used in stochastic models, PH distributions result
in Markov chains with regular structures amenable to efficient analysis through
matrix analytic methods [19,16]. Fitting methods have been proposed to find
PH parameters (transition rates and initial state probabilities) that maximize
likelihood [1,4] or that match moments [5,23], tail behavior [8,21], or both [10].

More recently, an approach was proposed to approximate PDFs [14] and
cumulative distribution functions (CDFs) [11,12] using Bernstein exponentials
(BEs), i.e., linear combinations of Bernstein polynomials (BP) [20,22] where
the support x ∈ [0, 1] is mapped to y ∈ [0, ∞) through the change of variable
x = e−y. This approach results in a subclass of acyclic PH distributions called
Bernstein phase type (BPH) distributions, which preserve shape properties of
approximated CDFs (including monotonicity, upper and lower bounds, and exact
limit values at 0 and +∞), while allowing fast, closed-form fitting of CDFs using
only their values at specific points (specifically, one for each phase).

When applied to the approximation of the empirical cumulative distribution
function (ECDF) derived from sample data, the selection of the number of phases
of the BPH distribution plays an important role in the bias-variance tradeoff [6]:
using more phases reduces the approximation error (i.e., the error due to the
choice of model) but increases the estimation error (i.e., the error due to the
limited size of the data sample). Since a BE of the order N results in a BPH
with N phases, selecting the number of phases is equivalent to the selection
of the order of a Bernstein exponential. Prior work analyzed the properties of
Bernstein polynomials for the approximation of ECDFs; in particular, if the true
CDF has a continuous PDF f that is Lipschitz of order 1, the approximation of
the ECDF with BPs results in a PDF that converges uniformly to f , provided
that the order N of the BP is such that N = o(M/ log(M)), where N → ∞
and M → ∞ is the number of samples that define the ECDF [3]. Higher order
expansions for the asymptotic mean-squared error are provided in [17].

In this paper, we apply the analysis of BPs of [3] to select the order of BEs,
i.e., to select the number of phases of BPHs, providing ECDF smooth estimators
within the class of PHs, which has major relevance in stochastic modeling. In our
experiments, we characterize the intertwined effects of two distinct mechanisms:
i) the approximation error inherent to BPH approximants, and ii) the estimation
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error due to the sample size. On the one hand, our experiments use Erlang dis-
tributions with unit mean to show that the coefficient of variation of the ECDF
impacts the estimation error. On the other hand, experimental results show
that, if the sample size M is sufficiently representative of the true CDF, then
the accuracy of the estimated PDF increases with N only until N ≈ M/ log(M);
conversely, if the sample size M is insufficient, increasing the Bernstein order N
does not improve estimation accuracy. Based on these considerations, we report
key findings that provide guidance on how to apply the proposed approach to
derive a BPH estimator of an ECDF. We also compare our parametric approach
based on BPHs with nonparametric KDE using Gaussian kernels, showing that
BPH estimation achieves better or similar accuracy, while maintaining a low
memory footprint thanks to its compact representation, which requires a num-
ber of parameters equal to the Bernstein order N (instead of the dataset size M).
The paper is accompanied by a replication package [7] with open-source license.

The rest of the paper is organized as follows. First, we illustrate BP and BPH
approximants, and we summarize the approach of [3] to select the order of BPs
approximating PDFs with bounded support (Section 2). Then, we define our
experimental setup using BPHs to approximate PDFs with unbounded support
(Section 3) and we present experimental results (Section 4). Finally, we draw
our conclusions and discuss next steps (Section 5).

2 Bernstein Approximants

In this section, we report background on BPs [3,20] (Section 2.1) and BPHs [11]
(Section 2.2); then, we recall the results of [3] for the selection of the order of
BPs and discuss how to apply it to the selection of the number of phases of
BPHs (Section 2.3).

2.1 Bernstein Polynomials

Given a CDF F : [0, 1] → [0, 1] and the ECDF

FM (x) = 1
M

M∑
i=1

I{Xi ≤ x} (1)

obtained from random samples X1, X2, . . . , XM distributed according to F , the
BP approximant of FM with order N is defined as

BN (FM ; x) :=
N∑

n=0
FM

( n

N

) (
N

n

)
xn(1 − x)N−n . (2)

Note that BN (FM ; x) preserves the values of FM at 0 and 1, the lower and upper
bounds (i.e., l ≤ FM (x) ≤ u ∀ x ∈ [0, 1] =⇒ l ≤ BN (FM ; x) ≤ u ∀ x ∈ [0, 1]),
and monotonicity (i.e., BN (FM ; x) is monotonically nondecreasing given that
FM (x) is monotonically nondecreasing). According to this, BN (FM ; x) is a valid
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CDF for all N > 0. Moreover, the approximation error |FM (x) − BN (FM ; x)|
converges uniformly to 0 over the support [0, 1] as N → ∞ (i.e., ∀ϵ > 0, ∃N̄ ∈ N
such that N > N̄ =⇒ |FM (x) − BN (FM ; x)| < ϵ ∀ x ∈ [0, 1]). To approximate
the PDF f of F , the derivative of BN (FM ; x) for x ∈ [0, 1] can be calculated as

B′
N (FM ; x) =

N∑
n=1

(
FM

( n

N

)
− FM

(n − 1
N

))
n

(
N

n

)
xn−1(1 − x)N−n . (3)

Proof. By linearity of differentiation, B′
N (FM ; x) =

∑N
n=0 FM

(
n
N

)
· T ′

N,n(x)
where TN,n(x) =

(
N
n

)
xn(1 − x)N−n and, for n = 0, 1, . . . , N and x > 0,

T ′
N,n(x) = n

(
N

n

)
xn−1(1 − x)N−n − (N − n)

(
N

n

)
xn(1 − x)N−(n+1)

=
(

n TN,n(x) − (n + 1) TN,n+1(x)
)

/x .

Note that TN,N+1(x) = 0 and that we used (N − n)
(

N
n

)
= (n + 1)

(
N

n+1
)
. Then,

B′
N (FM ; x) =

N∑
n=0

FM

( n

N

)
·
(

n TN,n(x) − (n + 1) TN,n+1(x)
)

/x

=
( N∑

n=1
FM

( n

N

)
n TN,n(x)/x

)
−

( N∑
n=1

FM

(
n − 1

N

)
n TN,n(x)/x

)

=
N∑

n=1

(
FM

( n

N

)
− FM

(
n − 1

N

))
n TN,n(x)/x .

The result is also valid at x = 0, where B′
N (FM ; 0) = N (FM (1/N) − FM (0)),

and, by continuity, for all x ∈ [0, 1]. ⊓⊔

If F has a compact support [a, b], i.e., F : [a, b] → [0, 1], its BP approximant
of order N is obtained from Eq. (2) by the change of variables x = (y−a)/(b−a):

B
[a,b]
N (FM ; y) = BN (FM ; (y − a)/(b − a))

=
N∑

n=0
FM

(
a + n

N
(b − a)

) (
N

n

)
(y − a)n(b − y)N−n

(b − a)N
, (4)

where FM is the ECDF obtained from a random sample with CDF F and size M .
Since the change of variables is continuous and strictly monotonic, B

[a,b]
N (FM ; y)

inherits the shape preservation properties of BN (FM ; x). Moreover, to approx-
imate the PDF f of F , the derivative of B

[a,b]
N (FM ; y) for y ∈ [a, b] can be

calculated as

d

dy
B

[a,b]
N (FM ; y) = d

dy
BN (FM ; (y − a)/(b − a)) = 1

b − a
B′

N (FM ; (y − a)/(b − a)) .
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2.2 Bernstein Phase Types

If F has unbounded support [0, ∞), i.e., F : [0, ∞) → [0, 1], the BPH approxi-
mant of order N of its ECDF is obtained from Eq. (2) through the change of
variable x = e−y:

BPH N (FM ; y) =
N∑

n=0
FM

(
log

(
N

n

)) (
N

n

)
e−ny(1 − e−y)N−n, (5)

where FM is the ECDF obtained from a random sample with CDF F and size M .
The division by zero for n = 0 is resolved by considering the limiting value
of FM (x) as x tends to infinity, i.e., FM

(
log N

0
)

:= limx→∞ FM (x) = 1; for
n = N , we have FM (log(N/N)) = FM (0) which is 0 if the ECDF has no samples
equal to 0. Since the change of variables is continuous and strictly monotonic,
BPH N (FM ; y) inherits the shape preservation properties of BN (FM ; x). More-
over, the derivative of BPH N (FM ; y), which we use to approximate the PDF f
of F , is equal to

BPH ′
N (FM ; y) = d

dy
BN (FM ; e−y)

= −e−y B′
N (FM ; e−y)

=
N∑

n=1

(
FM

(
log

( N

n − 1

))
− FM

(
log

(N

n

)))
· n

(
N

n

)
e−ny(1 − e−y)N−n . (6)

2.3 Fitting Approach

Related work [3] studies the asymptotic properties observed when the true CDF
F (x) and PDF f(x) with support [0, 1] are approximated using BPs BN (FM ; x),
where N is the order of the BP and FM (x) is an instance of the ECDF of F using
M samples. Specifically, if F is continuous over [0, 1], then BN (FM ; x) converges
w.p.1 uniformly to F as N, M → ∞. More interestingly, if F is continuous and
differentiable, and f is Lipschitz of order 1, then BN (FM ; x) converges w.p.1
uniformly to F as N → ∞, provided that M2/3 ≤ N ≤ (M/ log(M))2. A similar
result is shown for B′

N (FM ; x), proving that, if the CDF F has a continuous
PDF f that is Lipschitz of order 1, then B′

N (FM ; x) converges w.p.1 uniformly
to f as N, M → ∞, provided that N = o(M/ log(M)).

We extend the order selection approach proposed in [3] to the BPH estima-
tors of a PDF f with unbounded support [0, ∞). In particular, we experimentally
show that, if the sample size M is sufficiently representative of the CDF F , then
the accuracy of the BPH estimator of the PDF f increases as the Bernstein order
N increases, until the threshold M/ log(M) is reached, beyond which the approx-
imation accuracy no longer improves and indeed becomes worse. Conversely, if
the sample size M is insufficient, then increasing the Bernstein order N does not
improve the accuracy of the BPH estimator of f , which actually remains poor.
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3 Experimental Setup

We consider Erlang CDFs EK(x) having both shape and rate parameters equal to
K ∈ {2, 4, 8, 16}, thus resulting in expected value equal to 1 and variance 1/K.
As described in Section 2.2, we approximate the PDF of EK(x) by the derivative
of the BPH approximant of its ECDF, i.e., bphN (EK,M ; x) := BPH ′

N (EK,M ; x),
where EK,M (x) is the ECDF of EK(x) for a random sample of size M .

For each value of K, we compute bphN (EK,M ; x) for each Bernstein order N ∈
{8, 16, 32, 64, 128, 256} and for each number of samples M ∈ {27, 68, 163, 381,
866, 1938}. The values of N correspond to the bound M/ log(M) defined in [3],
i.e., 8 ≈ 27/ log(27), 16 ≈ 68/ log(68), . . . , and 256 ≈ 1938/ log(1938).

We evaluate the accuracy of bphN (EK,M ; x) with respect to the PDF of EK(x),
denoted by E ′

K(x), through a discrete approximation of the Kullback-Leibler
Divergence (KLD):

DKL (E ′
K(x) || bphN (EK,M ; x)) =

∑
x∈X

E ′
K(x) log

(
E ′

K(x)
bphN (EK,M ; x)

)
δ (7)

where X is the set of 500 equidistant time points covering the interval [10−9, l]
such that 1−EK(l) = 10−3 (i.e., the probability that the Erlang exceeds l is equal
to 10−3) and δ is their distance. The evaluation of the KLD of bphN (EK,M ; x) is
repeated for 105 random samples of size M (each resulting in a different EK,M );
we report mean and standard deviation of the KLD across these samples.

For each value of K and M , we compare our BPH approximant with Gaussian
Kernel Density Estimation (KDE) using the samples xm that define EK,M :

kdeh(EK,M ; x) = 1
M

M∑
m=1

1
h

√
2π

exp
(

−1
2

(x − xm

h

)2
)

(8)

where h is a smoothing parameter called bandwidth, selected according to Scott’s
rule h = σM−1/5 (σ is the standard deviation of the M values in a sample). Also
for KDE, we evaluate the KLD with respect to the ground truth PDF E ′

K(x),
i.e., DKL (E ′

K(x) || kdeh(EK,M ; x)), over the same 105 random samples of size M .

4 Experimental Results

4.1 Bernstein Order Selected from Sample Size

Table 1 shows the accuracy of the BPH and KDE estimators of Erlang PDFs
with shape and rate equal to K ∈ {2, 4, 8, 16}, i.e., mean value and standard de-
viation of the KLD computed over 105 random samples of size M ∈ {27, 68, 163,
381, 866, 1938}. Specifically, Table 1 considers the cases where the Bernstein or-
der N is selected according to N ≈ M/ log(M), as suggested in [3] for BPs. A
subset of these experimental results is visualized in Figs. 1 to 4: Figs. 1 and 2
plot the BPH and KDE estimators obtained for K = 2 and for each value of M ;
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K M N KLD (mean) KLD (std)
bph kde bph kde

2

27 8 0.0381 0.1260 0.0276 0.1391
68 16 0.0209 0.0607 0.0138 0.0525

163 32 0.0123 0.0314 0.0070 0.0209
381 64 0.0076 0.0174 0.0037 0.0084
866 128 0.0049 0.0104 0.0020 0.0033

1938 256 0.0032 0.0069 0.0011 0.0013

4

27 8 0.0647 0.1055 0.0303 0.1036
68 16 0.0285 0.0530 0.0161 0.0362

163 32 0.0131 0.0291 0.0077 0.0151
381 64 0.0069 0.0165 0.0036 0.0065
866 128 0.0042 0.0098 0.0019 0.0030

1938 256 0.0028 0.0060 0.0011 0.0015

8

27 8 0.1448 0.0880 0.0292 0.0801
68 16 0.0659 0.0431 0.0190 0.0283

163 32 0.0264 0.0226 0.0105 0.0123
381 64 0.0102 0.0120 0.0049 0.0056
866 128 0.0045 0.0066 0.0022 0.0027

1938 256 0.0024 0.0037 0.0010 0.0013

16

27 8 0.2777 0.0755 0.0250 0.0695
68 16 0.1500 0.0362 0.0180 0.0243

163 32 0.0675 0.0184 0.0124 0.0104
381 64 0.0259 0.0097 0.0070 0.0049
866 128 0.0091 0.0052 0.0033 0.0023

1938 256 0.0033 0.0028 0.0014 0.0012

Table 1: Accuracy of BPHs (with order N) and KDEs in approximating Erlang
PDFs with shape and rate equal to K: mean value and standard deviation of
the KLD with respect to the ground truth, over 105 random samples of size M .

Figs. 3 and 4 plot those obtained for K = 4 and K = 16, respectively, and for
M ∈ {68, 381, 1938}. Each plot shows the true Erlang PDF (thick black curve)
and the estimators obtained using BPHs (thin blue curves) or KDEs (thin red
curves) for 50 random samples of size M (out of the 105 samples used in Table 1).

The results in Table 1 show that, for each value of K, the mean value and
the standard deviation of the KLD decrease as the sample size M increases,
given that increasing the number of samples provides a more accurate empirical
estimate of the ground truth PDF. This trend is also evident in Figs. 1 to 4, as
both BPHs and KDEs converge to the ground truth Erlang PDF as M grows.

As K increases, the probability mass of the Erlang PDF concentrates over a
narrower support, making approximation difficult for BPHs, due to their limi-
tations in fitting data with low coefficient of variation using a small number of
phases, and also due to the fact that the parameters of the BPH approximant
are estimated in large part using values of the ECDF over the left end of the
support. In contrast, KDEs are structurally capable of fitting such data given
that the kernel variance can be scaled down arbitrarily. Moreover, as K grows,
the Erlang PDFs also become less right-skewed, improving the performance of
KDEs due to the symmetric shape of their kernels.
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(a) BPH: M = 27, N = 8
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(b) KDE: M = 27
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(c) BPH: M = 68, N = 16
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(d) KDE: M = 68
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(e) BPH: M = 163, N = 32
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(f) KDE: M = 163

Fig. 1: BPH approximants with order N (a,c,e) and KDE approximants (b,d,f)
for 50 different samples of size M of an Erlang PDF with shape and rate K = 2.

In Table 1, for small values of M , the mean KLD of BPHs nearly doubles
as K doubles, e.g., for M = 27, it is equal to 0.0381, 0.0647, 0.1448, and 0.2777
for K equal to 2, 4, 8, and 16, respectively. Similarly, the minimum value of N
needed to achieve mean KLD close to 10−2 tends to increase with K, i.e., it is
equal to 32, 32, 64, and 128 for K = 2, K = 4, K = 8, and K = 16, respectively.
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(a) BPH: M = 381, N = 64
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(b) KDE: M = 381
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(c) BPH: M = 866, N = 128
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(d) KDE: M = 866
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(e) BPH: M = 1938, N = 256
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(f) KDE: M = 1938

Fig. 2: BPH approximants with order N (a,c,e) and KDE approximants (b,d,f)
for 50 different samples of size M of an Erlang PDF with shape and rate K = 2.

Nevertheless, such accuracy can be achieved for all the values of K considered in
this experimental evaluation. Conversely, for KDEs, the approximation complex-
ity does not increase with K: in fact, for a given sample size M , KDEs exhibit
a slight reduction in the KLD as K increases, due to the fact that the shape
of the Erlang PDF more closely resembles a Gaussian PDF. Notably, compared
to KDEs, BPHs achieve lower mean value and standard deviation of the KLD
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(a) BPH: M = 68, N = 16
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(b) KDE: M = 68
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(c) BPH: M = 381, N = 64
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(d) KDE: M = 381
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(e) BPH: M = 1938, N = 256
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(f) KDE: M = 1938

Fig. 3: BPH approximants with order N (a,c,e) and KDE approximants (b,d,f)
for 50 different samples of size M of an Erlang PDF with shape and rate K = 4.

for K ∈ {2, 4} and any value of M . For K = 8, BPHs achieve better accuracy
than KDEs for sample size M ≥ 381. For K = 16, BPHs achieve slightly larger
KLD than KDEs for sample size M = 1938; for other sample sizes, the KLD is
significantly larger for BPHs although still lower than 7 · 10−2 for sample size
M ∈ {163, 381, 866}.

Overall, these results yield key findings concerned with the intertwined ef-
fects of the sample size M and model complexity. As M grows, both BPHs and
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(a) BPH: M = 68, N = 16
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(b) KDE: M = 68
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(c) BPH: M = 381, N = 64
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(d) KDE: M = 381
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(e) BPH: M = 1938, N = 256
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(f) KDE: M = 1938

Fig. 4: BPH approximants with order N (a,c,e) and KDE approximants (b,d,f)
for 50 different samples of size M of an Erlang PDF with shape and rate K = 16.

KDEs benefit from reduced sampling variability. While BPHs excel at captur-
ing the inherent asymmetry of more right-skewed distributions (K ≤ 4), the
symmetric kernels of KDEs become more effective as the PDF becomes more
concentrated (K > 4). Notably, as the coefficient of variation decreases, BPHs
require a higher order and a significantly larger sample size, yet maintaining
a better memory footprint (only N ≈ M/ log(M) BPH parameters are stored,
instead of M sampled values) and allowing integration in Markov models.
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(b) K = 4

Fig. 5: Accuracy of BPHs (with order N) in approximating Erlang PDFs with
shape and rate equal to K: mean value of the KLD with respect to the ground
truth, over 105 random samples of size M .

4.2 All Combinations of Bernstein Order and Sample Size

Figs. 5 and 6 illustrate the behavior of the BPH approximant for K ∈ {2, 4, 8, 16}
and for all combinations of sample size M ∈ {27, 68, 163, 381, 866, 1938} and
Bernstein order N ∈ {8, 16, 32, 64, 128, 256}. Specifically, in the case of the Er-
lang PDF with shape and rate K = 2 shown in Fig. 5a, the mean value of
the KLD increases when N exceeds the threshold M/ log(M), pointing out the
effectiveness, for BPH approximants, of the strategy proposed in [3] to select
the order of BP approximants. For instance, for M = 27, corresponding to
N = 27/ log(27) ≈ 8, the mean KLD increases with N for any N ≥ 8; for
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Fig. 6: Accuracy of BPHs (with order N) in approximating Erlang PDFs with
shape and rate equal to K: mean value of the KLD with respect to the ground
truth, over 105 random samples of size M .

M = 68, corresponding to N = 68/ log(68) ≈ 16, the mean KLD slightly de-
creases as N increases from 8 to 16, and then increases with N for any N ≥ 16;
and so on. Also note that, when the sample size M is insufficient to provide an
accurate empirical estimate of the ground truth PDF, then increasing N does
not yield a good accuracy (i.e., the mean KLD is much greater than 10−2) and
indeed it worsens accuracy for N > M/ log(M), as already remarked. For in-
stance, with a small sample size M ∈ {27, 68, 163}, the lowest value of the mean
KLD, achieved for N ≈ M/ log(M), remains greater than 10−2.

This behavior is evident also for K ∈ {4, 8, 16}, as illustrated in Fig. 5b,
Fig. 6a, and Fig. 6b, respectively. Contrary to expectations, even with a small
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sample size M ∈ {27, 68}, for growing values of K we observe that accuracy
improves as the Bernstein order N increases up to N ∈ {32, 64}, exceeding the
M/ log(M) threshold. This behavior may be attributed to the inherent complex-
ity of the ground truth PDF, which increases with K, thus allowing BPHs to
benefit from a higher order. Nevertheless, note that, with small sample sizes,
the best achieved mean KLD remains significantly above 10−2. Overall, these
results show how BPH approximants effectively support the selection of an ideal
Bernstein order N based on the available sample size M , as well as a tradeoff
between N and the approximation accuracy.

5 Conclusions

We extended the consolidated method of [3] for the selection of the order of BP
approximants of CDFs with bounded support, exploiting it to select the order of
BPH approximants of PDFs with unbounded support, thus providing smooth es-
timators within the PH class while leveraging a rigorous framework to control the
bias-variance tradeoff. By considering Erlang distributions with unit mean, our
analysis characterized the interaction between the intrinsic approximation error
due to using BPHs and the estimation error due to the sample size. We compared
the accuracy of the approach with respect to Gaussian KDEs, again considering
a set of Erlang PDFs with unit mean. The results showed the effectiveness of the
BPH approximant in balancing the bias-variance tradeoff, achieving better or
comparable performance with respect to KDEs while maintaining a low memory
footprint. In fact, the BPH closed-form representation only requires the storage
of a number of parameters equal to the Bernstein order.

Future work includes extending the evaluation to other PDFs and optimizing
the placement of the points used to construct the approximant BPH to cover
the portion of the support where most of the probability mass is located.
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